Abstract. This paper introduce the Bessel-Struve kernel functions B ν defined on the unit disk in the complex plane. We studies the close-to-convexity of B ν with respect to several starlike functions. Sufficient condition on ν for which the function zB ν is starlike is given.
is a particular solution of the non-homogeneous Bessel differential equation .
(1.6)
The Struve functions occur in areas of physics and applied mathematics, for example, in water-wave and surface-wave problems [3] , as well as in problems on unsteady aerodynamics [15] . The Struve functions are also important in particle quantum dynamical studies of spin decoherence [14] and nanotubes [13] . Consider the Bessel-Struve kernel function B ν defined on the unit disk D = {z : |z| < 1} as
where, j ν (z) := 2 ν z −ν Γ(ν + 1)J ν (z) and h ν (z) := 2 ν z −ν Γ(ν + 1)H ν (z) are respectively known as the normalized Bessel functions and the normalized Struve functions of first kind of index ν. The BesselStruve transformation and Bessel-Struve kernel functions are appeared in many article. In [10] , Hamem et. al. studies an analogue of the Cowling's Price theorem for the BesselStruve transform defined on real domain and also provide Hardy type theorem associated with this transform. The Bessel-Struve intertwining operator on C is considered in [8, 11] . The fock space of the Bessel-Struve kernel functions is discussed in [9] . The kernel z → B ν (γz), γ ∈ C is the unique solution of the initial value problem
Here L ν , ν > −1/2 is the Bessel-Struve operator given by
Now from (1.1) and (1.6), it is evident that B ν (taking γ = 1) possesses the power series
The kernel B ν also have the integral representation
The identity (1.8) and (1.9) together imply that B ν satisfy the differential equation 12) where
Another significance is that B ν can be express as the sum of the modified Bessel and the modified Struve function of first kind of order ν. For the sake of completeness, in the following result we established this relation. Proposition 1.1. For ν > 0, the following identity holds:
The function B ν have the following recurrence relation which is useful in sequel. Proposition 1.2. For ν > 0, the following recurrence relation holds for B ν :
(1.13)
1.2. Starlike and close-to-convex functions. Let D = {z : |z| < 1} be the unit disk and A be the class of all analytic functions f defined on
A function f ∈ A is said to be starlike if f (D) is starlike with respect to the origin. Now if for any starlike function g and for some real number β, we have Re(e iβ f ′ (z)/g(z)) > 0, then the function f is said to be close-to-convex with respect to the starlike function g. A function f ∈ A is convex if f (D) is convex. The starlike and convex functions can be represent analytically as
respectively. Traditionally the class of starlike functions is denoted as S * , while the class of close-to-convex, and convex functions are denoted respectively as C and K. These classes also be generalized by order λ ∈ [0, 1) with the analytical formulation as follows:
> λ, for some g ∈ S * .
According to the Alexander duality theorem [4] , the function f : D → C is in C(ν) if and only if z → zf ′ (z) is starlike of order ν. Here we remark that the definition of C(ν) is also valid for non-normalized analytic function f : D → C with the property f ′ (0) = 0. Let introduce another subclass of S * (λ) consisting of functions f for which 15) and denoted the class as S 1 (λ). The Alexander duality theorem can be apply to the class S 1 (λ) and a function f is said to be in the class
Next we state our main results which are proved in Section 2 by using Lemma 1.1. 
Now we will introduce a subclass of S * (λ) consisting of functions f satisfying the inequality
is known as the class of the starlike functions with respect to 1 and denoted as S * 1 (ν). In our next result, we obtain sufficient condition by which the BesselStruve kernel functions is starlike with respect to 1. 
Following problem is well known in the literature: Problem 1.1. Find the conditions on a n such that
is close-to-convex, or starlike or convex or any other subclasses of univalent functions. Now in accordance with the Problem 1.1, we need to find the condition on ν such that the Bessel-Struve kernel functions or it's normalization, will be in any of the classes mention above.
There are many results in the literature (see. [2, 5, 12, 17] and reference their in) which answer the above problem. As per requirement for this work, we listed few of them here. Here we would like to remark that the functions
and their particular rotations z 1 + z , z 1 + z 2 , z (1 + z) 2 and z 1 + z + z 2 are the only nine functions which have integer coefficients and are starlike univalent in D (See [7] ). The sufficient coefficient conditions for which a function f ∈ A is close-to-convex can be easily obtain atleast when the corresponding starlike functions is one of the above listed form. In this article we will consider for z, z/(1 − z) and z/(1 − z 2 ).
be a sequence of non-negative real numbers such that a 1 = 1, ∆a n ≥ 0 when n ≥ 1 and ∆ 2 a n when n ≥ 2. Then the function f , defined in (1.19) , is starlike and close-to-convex with respect to the starlike functions z and z/(1 − z). Here ∆a n = na n − (n + 1)a n+1 and ∆ m+1 a n = ∆ m (∆a n ), m = 1, 2, · · · .
The starlikeness and close-to-convexity of zB ν is obtained by using Lemma 1.2 in the following result. It can be observed that Theorem 1.3 can also be proved by using the following lemma given in [12] .
Lemma 1.3. [12]
Let {a n } n≥1 be a sequence of positive real number such that a 1 ≥ 2a 2 ≥ 6a 3 and n(n − 2)a n ≥ (n − 1)(n + 1)a n+1 for n ≥ 3. Then f (z) = z + ∞ n=2 a n z n is close-to-convex with respect to both the starlike functions z and z/(1 − z). Further, the function f is starlike univalent in D.
In our next result we will study the close-to-convexity of zB ν with respect to the starlike functions z/(1 − z 2 ). Suppose that a 1 ≥ 8a 2 , and (n − 1)a n ≥ (n + 1)a n+1 for all n ≥ 2. Then the function f (z) = z + ∞ n=2 a n z n is close-to-convex with respect to the starlike functions z/(1 − z 2 ).
Proof of the main results
Proof of Proposition 1.1. From (1.10), it follows that
The Legendre duplication formula (see [1, 6] )
shows that
This along with (1.2) and (1.6), the identity (2.20) reduce to
This complete the proof.
Proof of Proposition 1.2. Differentiating the series (1.10), it follows that
Proof of Theorem 1.1. Denote f (z) = zB ν (z). Then a computation together with the hypothesis (1.18) yield
which is equivalent to (1.16) for β = 0. The conclusion follows from Lemma 1.1.
Proof of Theorem 1.2. Define
Then clearly h ∈ A. Now a computation yield
Taking β = 1, from Lemma 1.1, it follows that h ∈ S * (λ) with respect to origin. Now Theorem 1.2 follows from the definition of h in (2.21).
Proof of Theorem 1.3. From (1.10), we can express zB ν as
where
The logarithmic differentiation with respect to ν implies
Here Ψ is the well-known digamma functions which is an increasing function on [0, ∞), and consequently g n is also increasing. Thus for ν ≥ 1/2,
Thus for n ≥ 1 and ν ≥ 1/2, it follows that This implies for n ≥ 1 ∆a n = na n − (n + 1)a n+1 ≥ (n 2 − 1)a n+1 ≥ 0, and for n ≥ 2 we have ∆ 2 a n = na n − 2(n + 1)a n+1 + (n + 2)a n+2 ≥ (n + 1)(n − 2)a n+1 + (n + 2)a n+2 ≥ (n + 2)(n 2 − n − 1)a n+2 > 0.
Thus {a n } satisfy the hypothesis of Lemma 1.2 and hence the conclusion.
Proof of Theorem 1.4. The inequality (2.27) yield that for n ≥ 2, and ν ≥ 1/2.
(n − 1)a n − (n + 1)a n+1 ≥ na n+1 > 0, Now from (2.23) it follows that the coefficient a n satisfy the hypothesis a 1 ≥ 8a 2 is equivalent to √ πΓ(ν + 3/2) ≥ 8Γ(ν + 1) which holds when ν ≥ ν 0 , where ν 0 ≈ 19.6203 is the positive root of the identity √ πΓ(ν + 3/2) = 8Γ(ν + 1).
Now the result follows from the Lemma 1.4.
Problem 2.1 (Open).
Find the sharp lowest bound for ν > −1 so that zB ν is starlike in D and also close-to-convex with respect to the starlike functions z/(1 − z 2 ).
